Abstract. In this paper the structure of the nonnegative steady-state solutions of a system of reactiondiffusion equations arising in ecology is investigated. The equations model a situation in which a predator species and a prey species inhabit the same region and the interaction terms are of Holling-Tanner type so that the predator has finite appetite. Prey and predator birth-rates are treated as bifurcation parameters and the theorems of global bifurcation theory are adapted so that they apply easily to the system. Thus ranges of parameters are found for which there exist nontrivial steady-state solutions.
1. Introduction. In this paper we study the nonnegative steady-state solutions of the reaction-diffusion system (1.1) ut(x,t)-dlAu(x,t)=au-axu2-a2uv/(1 + mu), vt(x,t)-d2Av(x,t)=bv-blvg-+ buv/(1 + mu) for xD and t>0 where D is a bounded region in n (n=1,2,3) with smooth boundary together with boundary conditions (1.2) u(x,t)=O=v(x,t) for allxODandt>=0. Equation (1.1) models a situation in which a prey and a predator species with population densities u(x, t) and v(x, t) respectively inhabit the region D. It is assumed that both species diffuse, i.e., move from points of high to points of low population density; the Laplacian terms in (1.1) correspond to this diffusion, the constants d and d 2 giving the rates at which the species diffuse. It is also assumed that in the absence of other species and of diffusion that both species would grow logistically. Thus, in the absence of other factors, the rate of increase of the prey population is given by au-au 2. If u is small, this increase is approximately equal to au and the constant a is termed the birth rate of the prey. Because of limited natural resources, the prey population will decrease in size if it becomes too large; we assume throughout that the constant a > 0 so that au-au 2 < 0 for sufficiently large u. Similarly the constant b is termed the birth rate of v and we assume that the constant bl > 0. The term auv/(1 + mu) represents the rate at which the prey is consumed by the predator and is usually referred to as the Holling-Tanner interaction term; as is reasonable this term increases as either u or v increases. In the classical equations of ecology the corresponding term is simply a2uv. This classical interaction term has the defect that for a fixed predator population lim a2uv which implies that predators must be capable of consuming prey at an infinitely great rate. For the Holling-Tanner interaction term, however, lim,_a2uv/(l+mu)=av/m and this difficulty does not arise. We assume throughout that the constants a2,b 2 > O.
In [2] we used a decoupling technique to study the Tw(a, 0) depends on a in a more complicated way and in 3 we give a formulation of some standard theorems on bifurcation which can be applied easily to all the cases in which we are interested. In {}2 we discuss results we shall require later on linear problems and on the trivial solutions of (1.5). In {}{}4 and 5 we treat b and a respectively as bifurcation parameters.
We work throughout with Dirichlet boundary conditions. Our results also apply to the more ecologically reasonable cases of Neumann and Robin boundary conditions. However Dirichlet boundary conditions present the hardest mathematical problem and so we concentrate our attention on these. In the case of Neumann boundary conditions all the steady-state solutions we obtain are spatially homogeneous.
A number of other studies have been made on the existence of steady-state solutions of the classical equations of ecology. In Dancer [7] index theory is used to give necessary and sufficient conditions for the existence of nontrivial solutions. Leung [9] has obtained existence and uniqueness results by using iteration methods. Local [12] ) that , there is the semi-trivial solution u 0 and v va. We prove the existence of nontrivial solutions by studying the bifurcations which occur from branches of semi-trivial solutions. For this purpose it is necessary to obtain some a priori information about solutions of (1.5). LEMMA 2.3. /fa>)kl, then (a-)kl)qb/a <=ua<=a/a where dp is the principal eigenfunction of A such that max q 1. Proof. It is easy to check that (a-Xl)rk/a and a/a are sub and supersolutions of (2.3). But u is the unique positive solution of (2.3) and so must lie between the suband supersolution. The above lemma shows that the prey cannot coexist with the predator if its birth rate is too low. The next lemma gives a priori bounds on the population densities in terms of the birth rates. LEMMA 2.5. Suppose (u,v) is a nonnegative solution of (1.5) (ii) Regarding u as a fixed function, v is the unique positive solution of (2.5) with Dirichlet boundary conditions. Clearly v is a subsolution of (2.5) and, as there are arbitrarily large constant supersolutions of (2.5), it follows that v >= Vb. We now give a sufficient condition for bifurcation to occur and at the same time obtain a global bifurcation result. First we recall the notions of multiplicity of an eigenvalue and the index of a fixed point.
Let K:X X be a compact linear operator and let X 0 be a nonzero eigenvalue of K. Then (-1) p where B is a ball centre 0 in X and p=sum of the algebraic multiplicities of the eigenvalues of K which are > 1 (see Krasnoselskii [8] [11] . The index i(T(a, .),0) can be calculated by investigating the eigenvalues of K(a). First we use the result of Crandall and Rabinowitz [6] on bifurcation from a simple eigenvalue to obtain a local result on bifurcation from S 2. Motivated by (2.7), [6] . Thus there exists a real interval (-e,e) and functions b (-e, e)--+ R, u,o'(-e,e)oCl(D) such that the nontrivial zeros of H close to (b0,0,0) lie on the curve {(b(s),sq 1+ su(s),sb +so(s))"-e<s<e} where b(0)=b0, u(0)=o(0)=0. It follows that for the system of equations (1.5) bifurcation occurs from the branch of semi-trivial solutions $2 at (b 0, u,, 0) and close to the bifurcation point the nontrivial solutions lie on the curve {(b(s),u,-sql-SU(S),S+l+SV(S))" -e<s<e). Points on the curve with s>0 correspond to nontrivial, nonnegative solutions of (1.5).
We Proof. Since C-((b0, u, 0)) is not contained in P, there exists (, ft, b)
[C-((bo, ua, O)}]fqOP which is the limit of a sequence {(bn, un, Vn))C_.CP. As 5. Structure of solutions with a as bifurcation parameter. We now treat a as a bifurcation parameter and assume that all the other constants are fixed. The decoupling technique of [2] works in this case. Suppose b > 1. Then (1.5) has a continuum of semi-trivial solutions S= ((a,O, Vb)" a ) and it can be proved as in [2] Suppose now that b < . In this case we have the continuum of trivial solutions S O ((a, 0, 0)" a } and the continuum of semi-trivial solutions S1 ((a, u a, 0)" a > '1 )-In [2] , using decoupling techniques for the classical predator-prey equations it was shown that the stability of the semi-trivial solution (Ua, 0) changes as a is increased and this indicates that a continuum of nontrivial, nonnegative solutions bifurcates from S 1.
We now use bifurcation techniques similar to those of the preceding section to make a direct investigation of this continuum for the more complicated system (1.5).
As we are linearizing about the same solution as in the previous section, bifurcation seems likely to occur at values of a such that b= k(-bua/ (1 + mu,) ). Modifying our notation slightly from that used in the previous section in order to highlight the dependence on a, we let qa(X)=U(X)/(1 + mUa(X)). Since We now compute i(T(a, .),0) so that we can apply our global bifurcation result. This index is (-1) a where/3 is the sum of the algebraic multiplicities of the eigenvalues of K(a)> 1 where K(a) is the compact linear operator K(a)(u,v)=(aKu-2alK(UaU)+a2K(qaV ), bKv+b2K(qaV)). If By arguments similar to those used in the preceding section it can be proved that (ii) C must satisfy one of the three alternatives discussed in the preceding section. Because of (i) above, C contains no pairs of points of the form (a,u-u,v) and (a,u+u,-v) and C cannot join up with another bifurcation point of the form [[u[[, [[v[[<M(a) by a becong unbounded. Since ( a" (a, u, v) C ) is connected, it must equal a, ).
Thus we obtain the following theorem on the existence of solutions of (1, 5) 
